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Abstract 

Wc discuss how to construct anomaly-free chiral gauge theories 
on the lattice with exact gauge invariance in the framework of do- 
main wall fermion. Chiral gauge coupling is realized by introducing a 
five-dimensional gauge field which interpolates between two different 
four-dimensional gauge fields at boundaries. The five-dimensional de- 
pendence is compensated by a local and gauge-invariant counter term. 
The cohomology problem to obtain the counter term is formulated in 
5-1-1 dimensional space, using the Chern-Simons current induced from 
the five-dimensional Wilson fermion. We clarify the connection to the 
invariant construction based on the Ginsparg- Wilson relation using 
overlap Dirac operator. Formula for the measure and the effective ac- 
tion of Weyl fermions are obtained in terms of five-dimensional lattice 
quantities. 
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1 Introduction 



Through the Ginsparg- Wilson relation [P and the exact chiral symmetry 
based on it [0, Weyl fermion can naturally be introduced on the lattice. 
The chiral constraint imposed on the Weyl fermion is gauge-field dependent 
and by introducing the basis of Weyl fermion, the path integral can be 
set up m, ^. In fact, it has been shown by Liischer that the functional 
measure of the Weyl fermion can be constructed in anomaly-free abelian 
chiral gauge theories so that it satisfies the requirements of the smoothness, 
the locality and the gauge invariance |§ ^, |6|, p. The similar construction 
has also been argued for generic non-abelian chiral gauge theories, where to 
treat the exact cancellation of gauge anomaly, a local cohomology problem 
in 4 -|- 2-dimensions is formulated Q 

This construction is generic and applies to any local lattice fermion the- 
ory with the Dirac operator satisfying the Ginsparg- Wilson relation. In the 
case using the overlap Dirac operator |jl^, 16 1, the path integral formalism 



for the Weyl fermion reproduces the overlap formula for the chiral determi- 
nant by Narayanan and Neuberger |17|.0 The above invariant construction 



of the functional measure provides the method to fix the phase factor of the 
chiral determinant in the overlap formalism in a gauge-invariant manner. 

It was also suggested [^, ^] that there is a close relation between the 
interpolation procedure in Liischer's construction and the five-dimensional 



setup in Kaplan's domain wall fermion [29|. The purpose of this paper is to 
pursue this close connection and to show how to construct four-dimensional 
lattice chiral gauge theories with exact gauge invariance from the five- di- 

^ The author refers the reader to |^ |^ for recent review of this approach. In this 
approach, the exact cancellation of gauge anomalies in non-abelian chiral gauge theories 
has been shown in all orders of the expansion in lattice perturbation theory [[10|, For 
SU(2) doublet, it has been shown that Witten's global anomaly is reproduced |12( |. For 
SU(2)iX U(l)y electroweak theory, the local cohomology problem in 4 + 2-dimensions 
has be solved in infinite volume lattice and the exact cancellation of gauge anomalies, 
including the mixed type, has been shown non-perturbatively p^ ]. 

^ The author refers the reader to for recent review of the overlap formalism. In 
the overlap formalism, reflecting chiral anomaly, the phase factor of the chiral determi- 
nant is not fixed in general and any reasonable choice of the phase factor should lead 
to the gauge anomaly for single Weyl fermion. The Wigner-Brillouin phase convention 
has been adopted for perturbative studies and has also been tested numerically in 
a non-perturbative formulation of chiral gauge theories [^, |^. Geometrical treatment 
of the gauge anomaly in the overlap formalism has been discussed in detail in abelian 
theories j22| and non-abelian theories |^^. The SU(2) global anomaly has been examined 
in [Q. An adiabatic phase choice has been proposed in and used in the construction 
of non-compact abelian chiral gauge theories. The overlap formalism in odd dimensions 
has been considered in ji^, . 
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mensional lattice framework of domain wall fermion. 

For this purpose, we adopt the domain wall fermion in the vector-like 
formalism by Shamir [^ ] . But two different four-dimensional gauge fields are 
introduced at the boundaries and they are interpolated by a five-dimensional 
gauge field. This inevitably causes the five-dimensional dependence of the 
partition function of the domain wall fermion. To take account of this 
five-dimensional dependence, we formulate an integrability condition. It 
turns out that the dependence is governed by the lattice Chern-Simons term 
induced from the five-dimensional Wilson-Dirac fermion (with a negative 
mass) 

In order to compensate the five-dimensional dependence, we require a 
five-dimensional counter term. The counter term should be given by a 
smooth, local and gauge invariant functional of gauge field, in order to 
satisfy the requirement of the smoothness, the locality and the gauge in- 
variance of the low energy effective action. We will argue that such local, 
gauge-invariant field can be obtained in anomaly-free chiral gauge theories, 
through the local cohomology problem in 5 -|- 1-dimensional space formu- 
lated with the lattice Chern-Simons current. Thus the reduction from the 
five-dimensional lattice to four-dimensional lattice is acheived in a local and 
gauge invariant manner. 

The locality of the lattice Chern-Simons current is essential for the co- 
homological argument in 5 -|- 1-dimensional space and for this we require the 
so-called admissibility condition |32, ^, ^, ^] extended to five-dimensional 
gauge fields (cf. [^). With this condition, several properties of the Chern- 
Simons current are discussed. The earlier studies of the properties of the 
Chern-Simons current in the context of domain wall fermion can be found 
in 11,11]. 

Trying to formulate four-dimensional chiral gauge theories from the five- 
dimensional framework of domain wall fermion, our approach resembles to 
the wave-guide model ||3^, ^ and the formalism proposed by Creutz et al. 
[p9| , 40 1 . However, our approach is different from the wave-guide model in 
that we are considering the smooth (discrete, but smooth in lattice scale) 
interpolation in the fifth direction. The issue related to the disordered gauge 
degrees of freedom is taken account by the five-dimensional admissibility 
condition, which assures the existence of the chiral zero modes even with 
five-dimensional gauge fields (cf. [p| ^]). Our approach is also different 
from the formalism by Creutz et al. in that we are isolating the chiral zero 
modes at one boundary as physical degrees of freedom, regarding the other 
boundary as reference. 

This paper is organized as follows. In section |2| we formulate the domain 
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wall fermion for chiral gauge theories with the interpolating five-dimensional 
gauge field. Then we derive the integrability condition for the partition func- 
tion of the domain wall fermion and state a sufficient condition to obtain the 
five-dimensional counter term with the required properties. In section ^ we 
examine the properties of the lattice Chern-Simons current. In section ^ we 
argue how to reconstruct the counter term from the Chern-Simons current 
and formulate the local cohomology problem in 5-1-1 dimensional space. Sec- 
tion ^ is devoted to the discussions on the connection to the gauge-invariant 
construction based on the Ginsparg- Wilson relation. 

2 Domain wall fermion for chiral gauge theories 

2.1 Interpolation with five-dimensional gauge field 

Domain wall fermion, in its simpler vector-like formulation, is defined by 
the five-dimensional Wilson-Dirac fermion with a negative mass in a finite 
extent fifth dimension. (See Figure [l|.) The four-dimensional lattice spacing 
a and the five-dimensional one 05 are both set to unity. The fifth coordinate 
is denoted by t and takes integer values in the interval, t £ [—N + 1, A'^]. In 
four dimensions, the lattice is assumed to have a finite volume and the 
periodic boundary condition is assumed for both fermion and gauge fields. 
Mass term is set to the negative value —rriQ where < tjiq < 2. 

N 

t=-N+l X 

This setup is equivalent to impose the Dirichlet boundary condition at the 
boundaries in the fifth dimension as 

i^nix, t)|j=_^ = 0, t)|t=^+i = 0. (2.2) 

In order to introduce chiral-asymmetric gauge interaction for the chiral 
zero modes at the two boundaries t = —N + l and N, the gauge field is 
assumed to be five-dimensional, 

Uf,{z) = {Uk{x,t),U5{x,t)}, z = {x,t) (2.3) 

where fi = 1, • • • , 5 and /c = 1, • • • , 4. It is regarded to be interpolating a 
four-dimensional gauge field at t = — -|- 1, say Uj!{x), to another four- 
dimensional gauge field at t = N, say Ul{x). We assume that outside the 
finite interpolation region t € [—A, A] (A < A^) the gauge field does not 
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depend on t and U^{x,t) = 1 (Figure ^). A should be chosen large enough 
in order to make sure that the interpolation is smooth enough. The precise 
condition for this will be discussed below. 




-iV+1 -A A N 

Figure 2: Interpolating five-dimensional gauge field on the lattice 



The gauge fields at the boundaries, Uj^{x) and Ul{x), are chosen so that 
their field strengths are small enough and satisfy the following bound 



\1 - Pkiix)\\ < e, 



e<-{l-\l-mo\^} 



(2.4) 



where Pki{x) is the four-dimensional plaquette variable. This is the so- 
called admissibility condition |3^, |5|, ^, It assures that the Hamiltonian 
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defined through the transfer matrix of the five-dimensional Wilson-Dirac 
fermion, H = — InT, has a finite gap and the overlap Dirac operator (the 
effective four-dimensional Dirac operator of the boundary chiral modes) is 
local within the exponentially suppressed tail |3^, |3^, |3^]. This makes the 
limit that the size of the fifth dimension goes to infinity, — > oo, well- 
defined. 

Furthermore, we also assume that the whole five-dimensional gauge field 
U^{x,t), interpolating between U^{x) and Ul{x), is smooth enough and 
satisfies the five-dimensional bound on the field strength as follows: 

111 - P^,{z)\\ < e', e' < 1 {1 - |1 - mop} . (2.5) 

This condition, as we will see below, assures that the Chern-Simons current 
induced from the five-dimensional Wilson-Dirac fermion is a local functional 
of the gauge field. The locality of the Chern-Simons current allows us the 
cohomological analyis of the gauge anomaly in the context of domain wall 
fermion. Since the difference of the four-dimensional gauge fields at the 
boundaries is estimated as 

II U°,{z) - Ul{z) II 2A 111 - P^u{z)\\ , (2.6) 

with the five dimensional bound on the field strength, we can make the 
interpolation smooth enough by taking A large enough. 

We also note a symmetry property of the five-dimensional Wilson-Dirac 
fermion. By the refiection of the gauge field in the fifth direction, 

U^{X,t) ^ ^A'^^'*^ - \ C/^(x,t) =C/5(x,-t+l)"l ' ^^-'^ 

the five-dimensional Wilson-Dirac operator transforms as follows: 

Z?5w ^ I?5w = P75^L75^, (2.8) 

where P is the parity transformation operator in the fifth dimension: 

P : t^t' = -t+l. (2.9) 

Therefore the interpolation in the reversed order implies the complex con- 
jugation. 
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2.2 Integrability condition for domain wall fermion 

Now we consider the partition function of the domain wall fermion, 

detp5w-mo)|Dir. (2.10) 

and examine its dependence on the path of the interpolation. Let us denote 
by ci the original choice of the path of the interpolation, which is repre- 
sented by the five-dimensional gauge field C/^(x,i). In order to examine the 
dependence on the path, we introduce another path, say C2 and consider the 
difference of the logarithm of the partition function: 

In det (I^sw - rno)|gir. " In det (Dgw - ™o)|gir. • (2.11) 

Let us assume first that the five-dimensional gauge field representing the 
path C2 can be deformed to that representing the path ci, while satisfying the 
constraint on the five-dimensional plaquette variables Eq. ( |2.5| ). Whether 
this is always possible for any two paths depends on the topological structure 
of the space of the admissible gauge fields in consideration. Since the two 
paths can be regareded to form a loop in the space of the gauge fields (Fig. §) , 
the above condition is equivalent to whether any loops in the space of the 
gauge fields can be contractible to the point, or not. The case with the 
non-contractible loops will be discussed later. 




Figure 3: A loop in the space of gauge fields 

We then parameterize the smooth deformation of the path by the parameter 
s G [0,1] as Uf,{z) where U'=^{z) = U^ixf^ and U'^=^{z) = Uf,{zY\ By 
differentiating the partition function with respect to the parameter s and 
integrating back, we obtain an expression for the difference of the partition 
function. 

In det (Z^sw - mo)|gii.. " l^det {D^^ - mo)!^;^. 
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.1 A 

/ Z Wxt,s)J^{xt,s)\r>ir.}, (2.12) 



X t=-A+l 

where ri'^{z,s)T°- = dsU^{z) Uji{z)~'^ and J^(z)|Dir. is given by 

1 



J^"(z)|Dir. = Tr(^y;(z) 
1 



-Dsw - mo 



(2.13) 



Dir. 



2 



+^ (7m + 1) U^{zr'T-S,,,5,,,,,+f~^ . (2.14) 



Since the variation of the gauge field r]'^{z, s) is restricted in the interpolation 
region t € [— A + 1, A], the summation over t in the above expression is 
restricted in the same finite region. 

Because of this fact, as will be shown in detail in appendix the dif- 
ference Eq. ( |2.12| ) is well-defined and finite in the limit ^ oo, as long as 
the gauge fields at the boundaries, and C/^, are topologically trivial and 
do not cause any accidental zero modes of the low energy effective Dirac 
operator. In particular, the inverse five-dimensional Wilson-Dirac operator 
in Eq. ( 2. 131) , satisfying the Dirichlet boundary condition, can be replaced 



by the inverse five-dimensional Wilson-Dirac operator defined in the infinite 
extent of the fifth dimension, 



1 



^5w - mo 



{xt,yt') =^ {xt,yt'), (2.15) 

Dir. — mo 



where t,t' G [— A + 1,A]. This implies that the path-dependence of the 
partition function of the domain wall fermion actually does not depend on 
the specific choice of the Dirichlet boundary condition, which supports the 
chiral zero modes at the boundaries. 

In order to make this point clear and to formulate an integrability condi- 
tion for the domain wall fermion, we introduce the five-dimensional Wilson- 
Dirac fermion defined in the interval t € [— + 1, 3A^] in the fifth dimension 
and with the anti-periodic boundary condition. The five-dimensional gauge 
field which couples to this Wilson-Dirac fermion is assumed to form a loop 
in the space of the gauge field so that it goes along the path ci (or C2) and 
comes back along a certain path cq (Fig. ^). Then we can infer that, in the 
limit — > 00, 

Indet (L>5„ - mo)\^-^^ - Indet {D^^ - mo)|gi. 
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Cl,C2 
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U'.ix) 



-N + 1 N 2N 3N 

Figure 4: Five-dimensional gauge field representing the loop 



lndet(L», 



5w 



N|C2 + (-Co) 



Indet (I?5w-mo)|l^^^"'°^ 



{N 



oo 



(2.16) 



In the r.h.s. of this identity, we may choose any paths for cq. By choosing 
C2 and ci, respectively, we can further obtain two identities as follows: 



Eq.(2.16) = lndet(L», 



_ ^|C2+{-C2) 
5w — "IoJIaP 

Indet (D5w-mo)|l'+^-''^ 



In det (Dsw 
In det (Dsw 



\|Cl+{-C2) 
\|Ci+{-ci) 



(2.17) 



By averaging these two expressions and using the property of the five- 
dimensional Wilson-Dirac operator under the reflection t —t + 1, we 
finally obtain 



In det (Dsw 

= Jlndet(Z)5w-mo)|lV^^-^^^ 



"T'0)lDir. - ill det (L»5„ 
1 



"^0)|gir. 



Indet {D, 



5w 



+i Im In det {Di 



5w 



MC2 + (-Ci) 

?"o)Iap 



\|Ci+{-ci) 

(iV — >oo). (2.18) 



This identity may be regarded as the integrability condition for the domain 
wall fermion. 

Several comments about this result are in order. First of all, in the r.h.s. 
of this identity, the partition functions are defined with the anti-periodic 
boundary condition and it is clear that there is no contribution from the 
low-lying chiral modes. They are defined well for any topological sector of 

and Ul- Secondly, the first and second terms in the r.h.s. are turned out 
to be real by the reflection property and they depend on the single paths 
C2 and ci, respectively. These terms then can be used to subtract the bulk 
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contribution in the partition function of the domain wall fermion as 

lndet(D5w-mo)|gi,. -^lndet(L)5w-mo)|^P^"''\ (i = l,2). (2.19) 

Thirdly, an important observation is that the imaginary part of the r.h.s. is 
the complex phase induced from the five-dimensional Wilson-Dirac fermion 
with a negative mass, which has been known to reproduce the Chern-Simons 
term in the classical continuum limit |3lf|. We denote this lattice Chern- 



Simons term associated with the loop C2 + (— ci) as Q'^^^^ 

Qt^^-''^ ^ hm Imlndet {D,^ - mo)\''i;^-''^ . (2.20) 

N—too 

2.3 A sufficient condition for the path-independence of the 
domain wall fermion 

Now we discuss the requirement to obtain the partition function of the 
domain wall fermion which does not depend on the path of the interpolation 
and which is gauge invariant. A sufficient condition for this can be stated 
as follows: 

It is possible to construct a local counter term which makes the partition 
function of the domain wall fermion independent of the path of the interpo- 
lation in a gauge- invariant manner, if the lattice Chern-Simons term in the 
r.h.s. of the integrability condition Eg. ([2.18 ) can he expressed in the form 



3N 

Cw^^"''^= lim E«5w(^), (2.21) 

where q5wiz) is a smooth, local, and gauge-invariant functional of the five- 
dimensional gauge field, for all possible loops in the space of gauge fields. 

We first assume that this is the case and discuss the consequences of this 
condition. In the next sections, we will discuss how to obtain the local and 
gauge-invariant functional q5wiz). 

2.3.1 Local counter term 

The immediate consequence of the localization property of q5w{z) is that 
QTv^^ '^^^ decomposed into two parts and ci^^^^^ = — Cg^, which 

are associated with the paths ci and C2, respectively, and do not depend on 
other paths. Namely, 

QZ:^-''^ = CZ-C^: (2.22) 
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where 



lim 

TV^oo 



lim 



N 

E 

=-Af+l 
3N 

E 

-+N+1 



X 



(2.23) 



(2.24) 



Then from the integrabihty condition Eq. ( |2.18| ) we can infer that in the 
hmit N 



oo 



det (Dsw - mo)|gir, -ic? _ det (L»5„ - mo)|gi,. 



det {D 



5w — nT'O, 



|C2 + (-C2) 

Up 



det (L'sw - mQ 



|Cl + (-Cl) 

Up 



(2.25) 

This holds for any two paths. Therefore the (subtracted) partition function 
of the domain wall fermion plus the local counter term does not depend 
on the path of the interpolation and is determined uniquely by the four- 
dimensional gauge fields, Uj^ and U^. Thus the reduction from the five- 
dimensional lattice to the four-dimensional lattice is achieved. 

We will see in section ^ that this result holds for all topological sectors, 
through the more direct calculation of the partition function of the domain 
wall fermion. 



2.3.2 Gauge invariance 

Let us examine the gauge transformation property of the (subtracted) par- 
tition function of the domain wall fermion with the local counter term under 
the gauge transformation for C/^, 

Ulix) ^ ^Ulix) = g{x)Ul{x)g{x + k)-\ (2.26) 

Since the partition function does not depend on the interpolation between 
^U^ and , one may choose any interpolation path between them. In this 
case, it turns out to be convenient to choose the interpolation as follows: we 
first interpolate the gauge function as 

r g{x) tE[A + l,Af] 
G{z) = l g{x,t) tG[-A + l,A] (2.27) 
( 1 t£[-N + l,-A] 

and then apply it as a five-dimensional gauge transformation to the gauge 
field representing the original interpolation between Ul and U^. 

U^{z) ^ ^C/^(z) = G{z)U^{z)G{z + fir\ (2.28) 
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In Eq. ( p. 25 ), the partition functions of the five-dimensional Wilson-Dirac 



fermions with both boundary conditions are invariant under such five-dimensional 
gauge transformation. Then the gauge transformation is given solely by the 
gauge variation of the counter term associated with the path ci. 



TV 

5gCII= lira Y^^cqM. (2.29) 

t=-TV+l X 



Thus the question of the gauge invariance of the system reduces to the 
question of the gauge invariance of the counter term associated with the 
path ci. When q^vi{z) is a gauge invariant local field, it is gauge invariant. 



3 Properties of lattice Chern- Simons current 

In this section, we discuss properties of the Chern-Simons current which is 
obtained from the lattice Chern-Simons term by the variation with respect 
to gauge field. We will argue that the lattice Chern-Simons current is a 
smooth and local functional of the gauge field. 



3.1 Chern-Simons current 

Let us consider the smooth deformation of the five-dimensional gauge field 
U^{z) representing the loop in the Chern-Simons term. Under the deforma- 
tion, 

Tr{T»T''} = -V, 
the variation of the lattice Chern-Simons term is given by 



6U^{z)U^{z)-^=T-r^l{z) 



5 ImTrLn (Dsw — rreo)Up = ImTv \5D 



1 



^5w 



AP 



(3.1) 



(3.2) 
(3.3) 



where 



Jf:(z) = ImTrh/;(z) 



1 



^5w - rriQ 



AP 



(3.4) 



(7^-l)r«C/M(^)5..i<^.i+A,. 



(3.5) 
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We refer the current Jj^iz) as Chern-Simons current. 

Since the Chern-Simons current is defined by the variation of the Chern- 
Simons term which is the gauge-invariant functional of the five-dimensional 
gauge field, it is gauge-covariant, integrable and conserved:^ 



z z z 

{D;j,Yiz) = o. 



(3.6) 
(3.7) 



3.2 Locality of the Chern-Simons current 



Next we argue that the Chern-Simons current is a local functional of the 
five-dimensional gauge field, as long as the constraint on the five-dimensional 
plaquette variables Eq. (|2.5| ) is full-filled. This fact follows from the following 
consideration. With the bound Eq. (|2.5|), we infer that the five-dimensional 



Wilson-Dirac operator is bounded from below by a positive constant [32 

2 



(L>5„ - mo)^ (Dsw - mo) > I (1 - 50e) 2 - 1 1 - mo| } 



(3.8) 



Given the positive lower and upper bounds for the five-dimensional Wilson- 
Dirac operator, 

a < {D5„ - mo)^ (I^sw - ^o) < /3, (3.9) 

it follows that the inverse five-dimensional Wilson-Dirac operator in the 
infinite lattice decays exponentially at large distance in the five dimensions 

MM- 



< C exp <^ --d5{z,w) 



where d^iz, w) 



w 



\x — y \ + \s — t\ and 



C 



At 



P-a\l-t 



1 d^{z,w) 



+ 



t 



{l-tf 



(3.10) 



(3.11) 



and 9* denote the forward and backward difference operators, respectively, 
d,f{x) = Y.{f{x + A) - f{x)}, d;f(x) = Y.{f{x) ~ fix - A)}, 

while _D,j and _D* denote the covariant counterparts, 

D^fiz) = J2^U^(^)f{z+fi)U^{z)-'-f{z)}, D;f{z) = J2 f{zyU^{z^f,)f{z~fi)U^{z- 
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t = e-^, cosh^ = £^. (3.12) 

P — d 

Similar exponential bound can be established for the differentiation with 
respect to the gauge field. 

The Chern-Simons current in consideration is defined in the finite volume 
lattice. It can be expressed in terms of the inverse five-dimensional Wilson- 
Dirac operator in the infinite lattice as 



nGZ5 mo 

+1 (7^ + 1) U^(zy'T-—^ {z, z + fL + n-L)), 

^ J^bw — mo J 

(3.13) 

where n - L = (Ylk ^k)L + nr,[4:N). Then we see that the dependence of the 
Chern-Simons current on the gauge field is exponentially suppressed at large 
distance in the leading contribution with n = 0, while the remaining depen- 
dences on the gauge field are at most of order C'(exp(— L/2), exp(— 2A^)) 
and exponentially small. In this sense, the Chern-Simons current in the 
finite volume lattice can be regarded as a local functional of gauge field. 

3.3 The Chern-Simons current and gauge anomaly 

If we consider the variation of the Chern-Simons term under the gauge 
transformation, we obtain 

6 ImTrLn(Z)5w - mo)Up = J^{Z?^,c.(z)r r^{z) =^d, {u;'^{z)J-{z)} . 

z z 

(3.14) 

The flow of the Chern-Simons current should be responsible for the gauge 



anomaly associated with the chiral zero mode at the boundaries |44]. In fact, 
it has been shown by Golterman, Jansen and Kaplan [^] that the asymptotic 
value of the fifth component of the Chern-Simons current reproduces the 
known result of the gauge anomaly in the classical continuum limit: 

hm hm Jt(x,N) = --±^^euin,nTT{T'^Fli{x)Fi^{x)] . (3.15) 

a^OA^-^oo 6ZTT 
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4 Reconstruction of the C hern- Simons term from 
the Chern-Simons current 

In this section, we discuss how to obtain the local and gauge invariant field 
of the Chern-Simons term. Using the Chern-Simons current obtained in the 
previous section, we introduce a local topological field on 5 + 1-dimensional 
space and formulate a local cohomology problem. We will see that the trivial 
solution of the cohomology problem leads to the local field with the required 
properties. 



4.1 Contractible loops 

Let us first assume that a loop / in the space of the gauge fields can be 
contractible to a point. Namely, we assume that the five-dimensional gauge 
field U^{z) representing the loop I can be deformed to the uniform gauge 
field U^{z) = U^{x) (for all t), while satisfying the constraint on the five- 
dimensional plaquette variables Eq. ( |2.5D . It depends on the topological 
structure of the space of the admissible gauge fields in consideration, whether 
all possible loops are contractible or not. The case with the non-contractible 
loops will be discussed later. 

Let us parameterize the smooth deformation of the loop / by the param- 
eter s G [0,1] as U^{z), where U^='^{z) = Uj^{x) and U'^=\z) = U^{z). The 
trivial interpolation (the point) at s = is denoted by f' . By differentiating 
the Chern-Simons term with respect to the parameter s and then integrating 
back, we obtain an expression for the Chern-Simons term as 

ImTVLn(Z?5w-mo)Up(0 = ^ 7?^(z, j;(z)|f/. | , (4.1) 

where 'r]'^{z, s)T°- = dsU^{z) U^{z)~^. Here we took account of the fact that 
for the point represented by the uniform gauge field U^{x), the Chern- 
Simons term vanishes identically, ImTrLn (Dsw — 'mo)\^p (P) = 0, because 
of the reflection property of the flve-dimensional Wilson-Dirac operator dis- 
cussed in section ^. 

The Chern-Simons term so reconstructed is now given by the sum of 
the local field in the curly bracket, because the Chern-Simons current is a 
local functional of the gauge field. We note, however, that the local field is 
not gauge invariant. In fact, under an infinitesimal gauge transformation. 
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6U^ {U^^ = —D^u>{z, s), the variation of the local field is given by 

6y^'dsv'',{z,s)r^{z)\us'^ = -j\s{D^dsUj{z,s)rr^{z)\us. 

(4.2) 

The clue to obtain the gauge invariant local field is to note that the 
field in Eq. ( [4 .2] ) may be corrected by the total divergence of a certain local 
current K^{z) without affecting the Chern-Simons term: 

ImTrLn {D,^ - mo)Up (0 = Y. [' s) r^{z)\us - d;K^{z)\us,,^] . 

Z 

(4.3) 

The local field can be made gauge invariant if J^{z) would satisfy the relation 

s{t,{^.s)r^{z)\us] = -{D,dMz.s)r r,{z)\us=d;dK^{z)\us^rj, 

(4.4) 

with a certain local current K^{z), under the infinitesimal gauge transforma- 
tion 6U^ {^^} ^ = —Dfj,uj{z, s). As we can see from Eq. ([4.4|), the question 
whether J^{z) would satisfy the above relation and how to find the local 
current K^{z) defines a local cohomology problem. 

This cohomology problem can be reformulated as a local cohomology 
problem in higher dimensions [Q]. In the next subsection, we formulate the 
cohomology problem in five-dimensinal lattice plus one dimensional contin- 
uum space. 

4.2 Cohomology problem in 5 + 1 dimensional space 

In order to reformulate the local cohomology problem in five-dimensinal 
lattice plus one dimensional continuum space, let us introduce a gauge field 
on the 5 -|- 1-dimensional space as 

(C/^(z,s),A(^,s)), (4.5) 

where Aq = T°'Aq and its gauge transformation property is specified as 

Ag{z, s) ^Ag{z, s) = G{z, s)Ae{z, s)G{z, s)"^ - dsG{z, s) G{z, 

(4.6) 

Accordingly, the covariant derivative in the continuum dimension can be 
defined by 

VsUf,{z, s) = dsUf,{z, s) + Aq{z; s)U^{z, s) - U^{z, s)Aq{z + fL,s). (4.7) 
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We now introduce a gauge invariant and local field in the 5+1 dimen- 
sional space by 

q{z,s) ^ {VsU^{z,s)Uf,{z,sr'Y J^{z)\^, (4.8) 
= rj';,{z,s) r^{z)\^^^-{D^A,{z,s)r r^{z)\^^, (4.9) 

where T"'7]'j^{z, s) = dsU^{z, s) Ufj_{z, s)~^ . This local field is topological. 
Namely, the summation of the field over the 5 + 1-dimensional space is 
invariant under the local variation of the 5 + 1-dimensional gauge field: 

y / 6q{z,s) =0. (4.10) 

In fact, denoting 6U^ = T'^C^ and using Eq. ( p. 61) , it follows from the 
second expression of the topological field in Eq. ( [4.9D that 

C ds5q{z,s) = Y, ['ds{ds{CM-d,6{Ap^^}). (4.11) 

Now let us assume that this topological field is cohomologically trivial, 
that is, it can be written in the form 

q{z, s) = d;k^{z, s) + dMz, s), (4.12) 

where {k^{z,s),kQ{z,s)) is a local current which is gauge invariant under 
the 5 + 1-dimensional gauge transformation. Then we can see that kQ{z,s) 
provides the desired local, gauge invariant field with the required properties. 
In fact, from the 5 -|- 1-dimensional gauge invariance and the fact that q{z, s) 
is a linear functional of T^sU^ U^~^, we infer that ke{z, s) cannot depend on 
Aq{z, s) and its s-dependence comes from that of the link variable U^. Then 
we can set 

Qsw = Y.ke{z,s = l) (4.13) 

z 

= f'ds U,{z,s)r^{z)\us-d;k,{z,s) ], (4.14) 

z Jo Afi—iJ) 

assuming kQ{z, s = 0) = 0. 

From the 5 -|- 1-dimensional gauge invariance of k^{z, s) and the fact that 
q{z,s) is a linear functional of P^C/^ C/^~^, we also infer that k^{z,s) must 
be a linear functional of T)sU^ written as 

k^{z, s) = y^j%{z, s; w) {V,U,{w, s) U,{w, s)-^}" . (4.15) 
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This in turn implies that 



(5|A;^(z,s)|c/.,a6=o} +Y1 



5k^{z,s) 
5Aq{w,s) 



5Afi{w,s) = 0, 



(4.16) 



where (5C/^ {C/^} ^ = —D^uj{z,s) and 6Aq = [u;{z,s),Aq] — dsUj{z, s). On 
the other hand, by setting the hnk variables s-independent in Eq. ( [4.12| ), we 
obtain 



{D,A,{z,s)r r^iz)\u, = d;\Y;^ 



5k^{z, s) 
5Aa(w, s) 



Afi{w,s) 



(4.17) 



By setting A^{z,s) = —dsUj{z,s) in this equation and using Eq. ( 4.16| ), we 
obtain 

- {D^dsu{z,s)r J^{z)\us = d;6k^{z)\u^^,Ae=o- (4.18) 

Thus Eq. (|4.4| ) is indeed satisfied. 

In this manner, we can reconstruct the Chern-Simons term with the re- 
quired properties for all contractible loops, through the cohomology problem 
with the topological field Eq. (E^). 



4.3 The ansatz for non-contractible loops 



When the topological field Eq. ( |4.8| ) is shown to be cohomologically trivial, 
the remaining issue is to show the condition Eq. ( 2.21| ) for all possible non- 
contractible loops. One may try kQ{z, s) as the anzatz for the Chern-Simons 
term. 

Q5w = J^A:6(z,s = l). (4.19) 



The question is then to show 



exp(i(55w) = exp(iQ5w) 



(4.20) 



for all non-contractible loops. 

This problem requires first to figure out the topological structure of 
the space of the gauge fields in consideration, which is constrained by the 
admissibility condition. So far, the topological structure of the space of 
the admissible gauge field is known only for abelian gauge theories Q. In 
this case, it is indeed possible to show that the topological field Eq. (147 



IS 



cohomologically trivial and to establish Eq. ( 4.20 ) for all loops in the space 
of the gauge field, as shown in the approach of the Ginsparg- Wilson relation 
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4.4 Some results in the infinite four-dimensional volume 

In the infinite four-dimensional volume, the cohomology problem in 5+1- 
dimensional space defined in the previous subsections can be solved in cer- 
tain cases, (cf. 0, |lO|, |l|]) In this subsection, we describe how to construct 
the local counter terms for the theories in the infinite four-dimensional vol- 
ume. 

4.4.1 Abelian chiral gauge theories 

In the abelian gauge theories, the lattice Chern-Simons current is a gauge- 
invariant conserved current, which is a local functional of the gauge fields: 

5J^{z) = 0, d*^J^{z) = 0. (4.21) 

With these two conditions we can directly apply the cohomological method 
using the Poincare lemma on the lattice ||5|, to Jf_i{z), to obtain 

Jf,{z) = + f5^^„Fy„{z-i) -a) 

+'yefiuapTFua{z -V - a)Fpr{z -D-a-p-f) 

+d:xut.{z), (4.22) 

where Xuniz) is a gauge-invariant and local anti-symmetric tensor field and 
F^^iz) = -An{U^iz)U,iz + fi)U~\z + i})U~\z)} . (4.23) 

From the lattice symmetries, we infer that and f3fj_up vanish identically. 
Through explicit calculations in the weak coupling expansion, we can also 
verify that and (3p,yp vanish identically and 7 = —32^ [^]- From this 
result, we can reconstruct the lattice Chern-Simons term as^ 

^Jo 

*Here is the vector potential which represents the original admissible (five-dim.) 

link variable U^i{z) and the field strength as follows 

!7^(^) = e'^-W, |A^(^)|<7r(l + 10 11^11) (4.24) 

F^,{z) = d^,A^{z)~d.A^,{z). (4.25) 

This vector potential itself is not a local functional of the original link variable Ufj,{z), but 
its local, gauge invariant functional becomes a local functional of Ufj.{z). 
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^l^f^uapr A^{z)Fy„{z -V - a)Fpr{z -V-CF-p-f) 

z 

+ Y.^lXu^.{z)A^{z), (4.26) 



where 



Xu^,{z) = [ ds x,y,^{z)\A^sA- (4-27) 
Jo 

If we consider an anomaly free abelian chiral gauge theory, the charges 
of the Weyl fermions should satisfy the condition 

a 

Then, by rescaling the gauge field as — > e^A^ in each Weyl fermion 
contributions, we can see that the first term of the lattice Chern-Simons 
term vanishes identically. As to the second term, we may add the following 
total divergence term without affecting the lattice Chern-Simons term: 

-^d:ix.,{z)A,{z)). (4.29) 

z 

Then we obtain the local expression of the lattice Chern-Simons term (the 
local counter term) which is manifestly gauge invariant: 

Q5. = ^lxu^.{z-^>)F,^{z-^)). (4.30) 

z 

4.4.2 Non-abelian chiral gauge theories in lattice perturbation 
theory 

In the anomaly-free non-abelian chiral gauge theories, it is possible to show 
that the topological field Eq. (4.8) is cohomologically trivial to any orders 
of the lattice perturbation theory, as shown in the approach based on the 
Ginsparg- Wilson relation [l^, In particular, one can construct the lo- 
cal field of the Chern-Simons term directly from the lattice Chern-Simons 
current, to any orders of the perturbation theory. 

In the lattice perturbation theory, non-abelian lattice gauge fields are 
treated in the expansion of the gauge coupling constantant, 

oo 

U,iz) = l + Y,{wM^)y- (4-31) 

1=1 
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Accordingly, the local field of the lattice Chern-Simons term may be assumed 
to have the expansion in the gauge coupling constant: 

oo 

Q^^ = J2Y.A') (4.32) 

z 1=1 

Let us assume that the local fields q^wiz) are constructed to the order I = n 
and consider how to construct the local field of the order I = n+1. 

Since the Chern-Simons term should produce the Chern-Simons current 
under the local variation of the gauge field, 

U^{z) U^{z) + r]^{z)Uf,{z), (4.33) 

we should have 

oo 

^6,q!liz)=r^^^iz)r^{z). (4.34) 
1=1 

Then we may expand the variation of the Chern-Simons current which is 
subtracted by the local fields up to the order I = n: 

Vl{z)r,{z) -Y.5,q^l{z) = <(.)J^"(")(^) + 0{g^+^). (4.35) 
1=1 

The leading term in this expansion, J^^^\z), is a local field of the vector 
potential of order I = n. Since the l.h.s. is gauge invariant up to 0{g'^), 
J^^"^ {z) is invariant under the linearized gauge transformation, 

A^^{z)^A;iz) + d,u;'^iz) (4.36) 

and the global gauge transformation. It also satisfies the conservation law, 

d;r^^-\z) = o. (4.37) 

From these conditions, we can directly apply the cohomological method for 
the abelian gauge theories ^, to J^^"'\z), to obtain 

r,^''\z)=d:xt\')^ (^^2). (4.38) 

where x'i'^fj^\z) is a local field which is invariant under the linearized gauge 
transformation and the global gauge transformation. When and only when 
n = 2, a cohomologically non-trivial term can appear as 

Jf\z) = d-^'^e^,p„rFtp{z-u-p)F',,{z-v-p~a-f), 

+ dlxlf{z), (4.39) 
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which vanishes identically by the anomaly-free condition 

^afec = ^ Tr (r" |^^ r^}) = o. (4.4o) 

From this result, we can obtain the local field of order / = n + 1, which 
reproduces J^^"^ (z) under the local variation of the gauge field, as 

= \xt\^ - - i'\ (4.41) 



where 
and 



F:^{z) = d,Al{z)-d,Al{z) (4.42) 
#(^) = /' ds x^^^{z) = ^ xV^^)- (4-43) 

/(-) A^sA n i" i 



Here we have used the fact that Xpif' (^z) has the following structure in the 
vector potentials: 

A';,\(z,)A'^^l{z2)---A';rAzn). (4.44) 

The above field q^^^\z) is invariant under the linearized gauge trans- 
formation and the global gauge transformation. Next step is to construct 
q^^^\z) which is gauge invariant under the full non-abelian gauge trans- 
formation, while its leading term in the expansion of the gauge coupling 
constant remains to coincide with q^^^\z). For this purpose, we follow the 
method adopted in [11|. Namely, this step can be achieved by the replace- 
ment of the field strength as 

F^^iz) ^Tr{r" [1 - U,,iz)]} , (4.45) 



and by the replacement of the vector potentials in Eq. ( 4.44| ) as 

A;i(zfc) i^(z, Zk) = ^Tr {T'^ [1 - W{z, Zk)U^{zk)W{z, z^ + fi)-^] } , 

(4.46) 

where W{z, z^) is defined as the ordered product of the link variables from 
Zk to z along the shortest path that first goes in direction 1, then direction 
2, and so on. Since it coincides with the original vector potential up to 
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the linearized gauge transformation in the expansion of the gauge couphng 
constant as 

zk) = 9 {A^{zk) + df.'^Loiz, z,)} + 0{g^), (4.47) 

where u>{z,Zk) is the oriented line sum of the gauge potential from Zk to z 
along the same path as defined for W{z,zi:), the leading term of q^^\z) 
so defined actually coincides with qi^^\z). 

5 Connection to the lattice theory of Weyl fermion 
based on the Ginsparg- Wilson relation 

In this section, we discuss the connection of the chiral domain wall fermion 
discussed so far to the gauge-invariant construction of chiral gauge theories 
based on the Ginsparg- Wilson relation Q . We will establish an identity 
relating the partition function of the domain wall fermion (subtracted and 
with the local counter term) and the partition function of the Weyl fermion 
defined with the overlap Dirac operator satisfying the Ginsparg- Wilson re- 
lation. 

5.1 Weyl fermion defined through the overlap Dirac operator 

The lattice Dirac fermion theory defined with the Dirac operator which 
satisfies the Ginsparg- Wilson relation 

j5D + D% = 0, 75 = 75(1 -2D), (5.1) 

possesses the exact symmetry under the chiral transformation 

57p{x) = jri'ip^x), 5i){x) = ■4>{x)-^^. (5.2) 

Based on this exact chiral symmetry, the lattice Weyl fermion can be defined 
by imposing the constraint with the chiral operators 75 and 75, 

%^r{x) = +^Pr{x), i)R{x)j5 = --ipnix). (5.3) 

By introducing the orthnormal basis for the Weyl fermion, {vi{x)\i = 1, 2, • • •} 
and {vk{x)\k = 1, 2, • • - j^ as 

^5Vi{x) = +Vi{x), ivi,Vj) = 5ij, (5.5) 
^ {vi,Vj) is the inner product of the spinor field defined by 

(w,,?;^) =I]"»W^"j(a;), (5.4) 
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Vk{x)'y5 = -Vk{x), {vk,vi) = 6ki, (5.6) 

the functional measure of the Weyl fermion can be set up and the path- 
integral formula of the partition function can be defined. 

Z^ = J Vi^PnMM e-S-^^^^)^'^^^^) = det{vk,Dv,). (5.7) 

The choice of the basis {vi{x)\i = 1, 2, • • •} may be different by a unitary 
transformation, 

Vi{x) — > Vi{x) = '^Vj{x)Qji, (5.8) 

j 

which dependents on the gauge field in general because 75 does so. Then 
the measure is changed by the phase factor 

Viil^Rmn] det {Qji} . (5.9) 

Accordingly, the partition function is changed by 

det('Ufc, Dvj) — > det{vk, Dvj) = det{vk, Dvj) det {Qji} ■ (5.10) 

In the gauge-invariant construction of the chiral gauge theories based on the 
Ginsparg- Wilson relation Q], a general method to fix the phase of the 
functional measure (and the partition function) has been described so that 
it satisfies the requirements of the smoothness, the locality and the gauge 
invar iance. 

Our target in this paper is the Weyl fermion theory which is defined with 



the overlap Dirac operator satisfying the Ginsparg- Wilson relation [14 
The overlap Dirac operator, D, is given by the explicit formula |]lj] 



Here H is chosen as the hermitian operator obtained through the transfer 
matrix of the five-dimensional Wilson-Dirac fermion.^ 

H = -lnT. (5.12) 



Borigi has pointed out that the transfer matrix can be expressed by a simpler four- 
dimensional hermitian matrix as 

T ^ \ ^V, , ^ = 75(-Dw - mo)— T-^ r-, 

1 — 7t 1 + as (£)„ — ?no) 

which leads to the same spectrum asymmetry operator, TL/^/H? — UjyfTP 
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In this case 75 is given by the spectrum asymmetry of H, 



75 = 75(1- 2D) = (5.13) 



and the chiral basis, {vi{x)\i = 1, 2, • • •}, can be chosen as the eigenvectors 
of H belonging to the negative eigenvalues (up to the global phase choice). 
The partition function resulted from the path-integral formula Eq. (|5l^ 



reproduces the overlap formula of the chiral determinant |17]: 



det{vk, Dvj) = det{vk,Vj). (5-14) 

Here the phase of the chiral basis can be chosen following the gauge-invariant 
method of 1^, 0] in anomaly- free chiral gauge theories. 

5.2 Gauge-invariant partition function of Weyl fermions from 
the domain wall fermion 

We now argue the connection of the (subtracted) partition function of the 
domain wall fermion with the local counter term, 

hm det(I)5w-mo)|g,, ^ ^^^^^^ 



det {D,^ - mo)\''^^~''^ 



lAP 



2 



to the partition function of the Weyl fermion given by Eq. ( 5.14[ ).p] 



5.2.1 Partition functions of the 5-dim. Wilson fermions 

The partition functions of the five-dimensional Wilson fermions with the 
Dirichlet boundary condition and with the anti-periodic boundary condition 



^ It may be worth while to recall the situation in the vector-like case. In the vector- 
like theories the connection between the domain wall fermion and the overlap Dirac 
operator is directly seen in the fact that the determinant of domain wall fermion (subject 
to Dirichlet boundary condition in the fifth dimension) is factorized into four-dimensional 
part for the low-lying massless mode and five-dimensional part for the remaining massive 
modes 0: 

hm ''f^'''--'^'^}r- -detD. (5.16) 
iv—oo det (Dsw - mo)\j^p 

In the l.h.s., N is the size of the fifth dimension and the contribution of the massive 
modes is factorized in the determinant of the five-dimensional Wilson fermion subject to 
the anti-periodic boundary condition in the fifth dimension pTlj. 
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can be expressed explicitly in terms of the transfer matrix, as shown in the 
appendix The results are given as follows: 

det(L'5w - mo)\^ir. 

= det (^Pn+PL T,'^-^) 1 1/,- n., T.c/-_, I rr^^ 

N 

X det {Pn+PLUc,Us,t) n ^^■'^^^ 



t=-N+l 

|Ci + (-co) 



det (L»5„ - mo)|AP 



3N 

xdet(Pfl+Pinci+(-co)M n (^•^^) 

t=-N+l 

where Tt is the transfer matrix with Uk{x, t), which explicit form is given in 
appendix and Nt = det {Pl + PrBi). The subscript and 1 denote the 
quantities with U^{x) and Ul{x), respectively. U^{x,t) appears in between 
the product of the transfer matrices so that the five-dimensional gauge co- 
variance is maintained. Note that for abelian gauge group, the extra phase 
factor, which consists of the product of U^{x,t)~^ , appears. 

In these formula, the dominant term in Tq^ in the limit A'^ — > oo is 
estimated as follows: 

t(^-^^ = PoTo^^-^^ + (1 - Po)t(^-^^ 

= 5]^;°®^;fe(^-^)l^''l + 0(e-(^-^)^+), (5.19) 

i 

where the projection operator Pq is introduced by 

Po = ^ I 1 - 1 , ^0 = - InTo, (5.20) 




and {v^{x)^ are chosen as eigenfunctions of = — In To belonging to the 
negative eigenvalues A^, while A^J. is the smallest positive eigenvalue of Hq. 
Similar estimation holds for T^^ ^\ With these results, we can infer that 
in the limit N ^ oo 

det (Dsw - "^o)ISir. 



lim 

N~^oo 
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det (^Pr + Pl a I U,X n T^U^h } 

xdet ^Pr + PlH^s,*^ 

det (D5w-mo)|l^+^-'^°) 



(5.21) 



lim 



2(7V-A) ,.2{iV-A) 
^^0 



det ( 1 - Po + Po jf/s"' n^*^57*-i} ^jt^s"' n^^^sTt-i} 

\ ^ -co ^ ^ Cl ^ 



det [Pr + Pl n ^5'* I ' 

ci + (-co) 



(5.22) 



where A^i = det (1 - Pi + PiTi) and iVo = det (1 - Pq + PoTq). (See ap- 
pendix y for the derivation of these results. ) 

From Eqs. ( |5.2lD and ( 5.22 ), it follows immediately that 



lim 



det (D5w-mo)|gi^ ^-*C5w(ci) 



det(D5w-mo)|lV^^"'^^ 



det I P^+P^P^-' CZ-^rici TtU-^__-, > Po xdct(Pji+Pinci 



det l-Po+Po<^ C/-in_,,r,t/-i_, \ pA U^'Ylc,TtU,-U \ Po 



-iC5w(ci) 



(5.23) 



5.2.2 Factorization of the partition function of the domain wall 
fermion 

Now we introduce the chiral basis {^^(2;)} associated with the gauge fields 
U°,{x) as 



Pov^ix) = v^{x), {v^v^) = = 1, 2, • • •). 



(5.24) 



{v^{x)} may be chosen as the eigenfunctions of Hq = — InTp belonging 
to the negative eigenvalues. Similarly, we introduce the chiral basis {vj} 
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associated with the gauge fields U^{x). We also introduce the chiral basis 
for the anti- field as 



Vk{x)PL = Vk(x) (/c = 1,2, • • •). 



(5.25) 



In terms of these chiral bases, the formula Eq. ( |5.23| ) of the (subtracted) 
partition function of the domain wall fermion with the local counter term 
can be rewritten further as 



lim 

N^oo 



det (.Dsw - mo)\^-^ 
det (D^^ - mo)\2p^-''^ 



-«C5w(ci) 



det{vk,vj) e'^^^'^ det {vk,v^y e-'^'-^'^l 



(5.26) 



where 



dot 



(ci) 



X dct{PR+PL nf=-A+l ^5,, 



(5.27) 

The first factor in the r.h.s. of Eq. ( 5.26| ) is nothing but the overlap formula, 
which gives the partition function of the right-handed Weyl fermion at t = 
coupled to the gauge field U^{x), 



det {vk,v]) = det [vk, Dv}) . 



(5.28) 



Similarly, the third factor in the r.h.s. of Eq. ( 5.26 ) reproduces the partition 
function of the left-handed Weyl fermion at t = —N + 1, which couples to 
the gauge field U^{x). On the other hand, the second factor in the r.h.s. of 
Eq. ( |5.26| ), which is the phase factor defined by Eq. ( ^.27 ), 



P«0(ci) 



(5.29) 



comes from the interpolation between the gauge fields U^{x) and ^^^(x).^ It 
depends on the choices of the chiral bases {v^}, {v}} and the path ci, but 
the path-dependence is to be compensated by the local counter term, 

g-iC5w(ci)_ ^5_3Q) 

*In the original derivation of the overlap formula in jl^], this term was not considered 
because the gauge field was assumed to be four-dimensional. It was also true in the 
wave-guide model 
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Prom these results, it is quite natural to choose the chiral basis of the 
Weyl fermion coupled to the gauge field as follows: 

Viix) = < ] ) s (5.31) 

With this choice, the (subtracted) partition function of the domain wall 
fermion with the local counter term is factorized into two chiral determi- 
nants: 

det(ZJ5w-mo)|g,,. ^ ^-iCM = det {v,, Dv,) det {vu^Dv'^Y . 

""^^ detP5w-mo)|lV^(-^^f 

(5.32) 

The path- independence and the gauge invariance of det {v^ , Dvj ) are obvious 
from this identity.^ 

5.3 The functional measure of the Weyl fermion from the 
domain wall fermion 



The choice of the chiral basis in Eq. ( p.31 ) indeed leads to the functional 



measure of the Weyl fermion which is independent of the path of the inter- 
polation. To see this, we choose another path, say C2, then we get another 
basis, 

f t;i(2;) e^'^('^2)e-iC5w(c2) (i = l) 
= ! • (5.33) 

These two bases are related by the unitary transformation Qij 



Vi{x) = Qr^Vj{x), (5.34) 



which determinant turns out to be 

detQ = e-^'^(^2) giC5„(c2) . ^^<^>{c,) ^-iC^Aci) _ (j^^b) 

But it is not difficult to see that the phase factors along the paths ci and 
C2 multiply to give 



det( l-Po+Po{ U-^Yl, ^''TtU-}_, \P^{ U-^Yll-'TtU^}^^ 
pi0(-C2) . pi<l>{ci) — _ 



det l-Po+Po<^ U-^ n* TtU-l, \pA U-^ Ut' TtU-l, 



^ The complex phase part of this identity can be regarded as the lattice counter part 
of the relation between the 77-invariant and the effective action for th e chi ral fermions 



^, |5^, Note also that this result is a generalization of Eq. (5.16) to the case 

of chiral gauge theories. 
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dct( Pr+PlYI 



ci+(-c2) 



U5,t 



lim 



det {D. 



N|Cl + (-C2) 

5w - rnoJlAP 



Us,, 



detp5w-mo)|^^;^-^^^ 



.■r)'=i+("=2) 



(5.36) 



and this identity can be regarded as the integrabihty condition for the phase 
factor exp(i0(cj)). 

Since we are assuming that the lattice Chern-Simons term can be de- 
composed into the two parts C^l^ and locahy and gauge-invariantly, 



,ci+{-C2) 



■ e 



(5.37) 



the determinant of the unitary transformation, det Q, turns out to be unity. 
This holds for any two paths. Therefore the measure does not depend on 
the path of the interpolation and is determined uniquely. 

We should note that from the integrabihty condition Eq. ( 5.36| ) and the 
expression for the (subtracted) partition function Eq. ( |5.26| ) , we can directly 
infer that Eq. ( 2. 251) holds and the (subtracted) partition function with the 
local counter term is independent on the path of the interpolation for all 
topological sectors. 



5.4 The connection to the gauge-invariant construction based 
on the Ginsparg- Wilson relation 

Let us now look closely at the connection to the gauge-invariant construction 
by Liischer fs], |^. We note first that our result Eq. ( ^.32| ) should be compared 
with the equation Eq. (7.1) in [|] 

det {i-Pl + PlDQiDI^ W"^ = det{vk,Dvj) det{vk, Dv^j)\ (5.38) 
where Qi is the evolution operator of the chiral projector 

Pi = QiPiiQC\ (5.39) 

while W is the Wilson line defined by the line integral of the measure term 
current, 

W = e'/o^ '^*{^*^fe(^'*)'^'=(^'*)~^}'"-?fe(^'*)^ (5.40) 

Since we are considering the right-handed Weyl fermions, instead of the left-handed 
Weyl fermions, Pr in the original equation Eq. (7.1) of Q is replaced by Pl- 
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where t is the continuous parameter of the interpolation. 



The determinant in the l.h.s. of Eq. ( 5.381) may be expressed in terms of 
the chiral bases {Vj}, {vj} and {vk} as 



det (i-Pl + PlDQiDI) = det{vk, Dv]) Aei{vi, Qiv^) det{vk,Dv^jy 



Then we note the correspondence as 



det {v},Qiv']) 



det 




llt=-A+l 




det 




llt=-A+l ^* 





(5.41) 



, (5.42) 



(in the gauge ^75(2;) = 1), which imphes that in the domain wah fermion 
the evolution of the basis of the Weyl fermion is realized by the successive 
multiplications of the transfer matrices, like time-development along the 
fifth dimension.]^ For the loop in the space of the gauge fields, this leads to 
the correspondence of the integrability conditions: 



det(l-Po + ^oQi) 



e 5" 



(5.43) 

The above correspondences become exact in the continuum limit of the 
fifth dimension, which should be taken as 05 — > with Aas fixed. In taking 
the continuum limit, one may smooth the interpolation further by replacing 
Tt with T^^ and take the limit Nt ^ 00 first as an intermediate step, to get 



det 




llt=-A+l 




det 




fprA(ci) pi 







(5.44) 



Then, using Pf = QtPoQt~ 1 we can see that this becomes identical to 
det (^vj, Qi in the limit 05 — > with Aos fixed. 

On the other hand, the dependence of the determinant in the l.h.s. of 



Eq. ( 5.38| ) on the path of the interpolation is compensated by the Wilson line 
W. Here the measure term \^dtUk{x,t)Uk{x,t)~^^"' j^{x,t) is obtained 

We note that the use of the transfer matrix here is in the same spirit as the use of 
the Hamiltonian for the evolution of the (second quantized) vacuum states of the over- 
lap formalism, adopted in the adiabatic phase choice |2^]. Our result then provides a 
discretization method of the continuous evolution. 
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from the topological field in 4 + 2-dimensional space. W corresponds to 
the local counter term exp(iC5w(ci)) in the domain wall fermion, where the 
local field kQ{x, t) is obtained from the topological field in 5 + 1-dimensional 
space: 

(5.45) 

In this respect, it is possible to see that the topological field in 5 + 1- 
dimensional space reduces to the topological field in 4 + 2-dimensional space 
introduced by Liischer Q, in the continuum limit. For this, we recall that 
the 5 + 1-dimensional topological field is defined from the local variation of 
the Chern-Simons term. From Eq. ( ^.44 ) and Eq. (5.36) the Chern-Simons 
term can be expressed as follows, in the same intermediate step as above: 



/ f A{-C2) A{ci) 

Ql"^^-"'^ = Imlndet l-Po + ^'ol J] H 



A+l ^ ^t=~A+l 



(5.46) 



In this equation, one may express each Pt using the chiral basis as Pt = 
X^j vj vj^ and factorize the determinant. Then we consider the minimal 
deformation of the loop ci + (— C2) at a certain point to + 1 in the path ci as 

Uk{x,to + l) = [/r°(:r,to + l) =^ Uk{x,to + iy = Ut'^'{x,to + l), (5.47) 

and evaluate the variation of the Chern-Simons term, to obtain 

^QlC^'"'^ = Imlndet + Imlndet vf 



, vf+^j - Im In det , vf 

Imlndet (l - P*" + p*opio+ipto+2|pto+i}/pio) 



(5.48) 



In the limit As and as — > 0, this variation reduces to 

iTrP [dsP, d^P] as As. (5.49) 

In the generic gauge U5{z) ^ 1, this result reads 

iTr {P [dsP, V^P] + (a.^s) P} a5 As, (5.50) 

and if we replace dg to the covariant derivative Vg , it exactly coincides with 
the 4 + 2-dimensional topological field |H] . 
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Finally, we note that the gauge anamaly obtained from the asymptotic 
value of the Chern-Simons current in the domain wall fermion is related to 
the gauge anomaly expressed by the overlap Dirac operator D 



hm J^{x,N) 
lim Jf(x,-iV + l) 



-Tr{r"75l)}(x,x) 
-Tr {T^j^D} {x,x) 



(5.51) 
(5.52) 



To see this, we infer from the locality property of the Chern-Simons current 
that the fifth component at t = 



Ji{x,N) 



Tr^T'^l(75-l) 

+ ^"^(75 + 1) 



1 



1 



(2; + 5,z) 



AP 



AP 



t=N 



(5.53) 



becomes independent of the interpolation in the limit — > oo, depending 
only on the asymptotic value of the gauge field at t = A^, Ul{x). Then using 
the formula of the overlap Dirac operator expressed in terms of the inverse 
five-dimensional Wilson-Dirac operator |52, ^ |^ given by 



D 



lim {I-Pr 

N^QO 



-Pl 
-Pr 
-Pl 



^Dbw — 


mo 


1 




D^w — 


mo 


1 




Dbw — 


mo 


1 




Dbw — 


mo 



{N,N)Pl 



AP 



-N + 1,-N + 1)Pr 



AP 



(N, -N + 1)Pr 



AP 



AP 



-N+1,N)Pl}, 



(5.54) 



we obtain Eqs. ( ^.51 ) and ( 5.52| ). The gauge anomalies Eqs. ( 5.51|) and 
( |5.52| ) can be evaluated in the classical continuum limit as in [53, |28|| (see 
also p4| , 55, 56, |5^) and the earlier calculation [^5| is reproduced. 



^■^In IgJI, domain wall fermion is defined vector-likely in the interval t G [—N + 1, A'^]. 
The interval should be extended to t £ [—N + 1, 3N] in our case. 
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6 Conclusion 



The introduction of chirally asymmetric gauge-couplings to the chiral zero 
modes of domain wall fermion, as the original proposal by Kaplan, inevitably 
makes the system five-dimensional. We have shown that the five-dimensional 
dependence can be compensated by the local and gauge-invariant counter 
term in anomaly- free chiral gauge theories. 

The chiral structure of the dimensionally reduced low energy effective 
action of the chiral zero modes can be understood again by the Ginsparg- 
Wilson relation. In fact, it provides a concrete example of the gauge- 
invariant construction of the chiral gauge theories based on the Ginsparg- 
Wilson relation, where the continuous interpolation in the space of the gauge 
fields is partly replaced by the discrete step-wise interpolation. Hope is that 
such discrete treatment of the interpolation of the gauge fields would be use- 
ful for a practical implementation of the gauge-invariant lattice chiral gauge 
theories. 

We note that in the gauge-invariant construction with the domain wall 
fermion, the Ginsparg- Wilson relation is not used explicitly, in sharp con- 
trast to the invariant construction by Liischer based on the Ginsparg- Wilson 
relation. This is because one of the points of the invariant construction is 
the formulation of the integrability condition in the space of gauge fields and 
the idea behind it is generic. The local cohomology problem follows from 
the integrability condition, as long as the requirement of locality is fulfilled. 

In this respect, we also note that our construction is applicable to any 
domain wall fermion theory defined with a proper five-dimensional Dirac 
operator of the structure 

D^i-mo) = (D^i-mo) + 1) 5ts - PL5t+i,s - PRSt,s+i, (6.1) 

D^i-mo)'' = 75-D4(-mo)75. (6.2) 

Such a five-dimensional fermion theory can lead to a certain four-dimensional 
lattice Dirac operator satisfying the Ginsparg- Wilson relation |]59| , |3^ , 
In this sense, our construction partly shares the general applicability with 
the gauge-invariant construction based on the Ginsparg- Wilson relation .p^ 

Borigi's five-dimensional implementation of the overlap Dirac operator with the Her- 
mitian Wilson-Dirac operator (as = 0) has this structure. 

^*The complex phase of the determinant of such a generic five-dimensional Dirac oper- 
ator (with a negaive mass) can also produce the Chern-Simons term. This class of lattice 
Chern-Simons terms would be understood in relation to the Ginsparg- Wilson relation in 



five-dimensions recently discussed by Bietenholtz and Nishimura 



since it is straight- 
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In the original proposal by Kaplan |^], the dynamical treatment of 
the five-dimensional gauge field was also intended. The question of this 
ambitious attempt is still open. 
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Appendix 

A Transfer matrix of 5-dim. Wilson fermion 

The transfer matrix of the five-dimensional Wilson fermion is given in the 
chiral basis of gamma matrices as follows. 

where C and B are two by two matrices in the spinor space which define 
the four-dimensional Wilson-Dirac operator as 

D„ - mo + 1 = f ^ V (A.2) 



Explicitly, they are given as follows: 

1 

2 



B = 1+ ( --V^v;-mo) . (A.4) 



1, 
2 

For the gauge field satisfying the admissibility condition Eq. ( |2.4D , the 
Hamiltonian defined through the transfer matrix 

iJ = -lnT (A.5) 



has a finite gap [^, 32 , Q . 

forwaxd to construct the five-dimensional overlap Dirac operator from such a generic 
five-dimensional Dirac operator. 



35 



B Evaluation of the partition functions of 5-dim. 
Wilson fermions 



In this appendix, we describe the calculation of the functional determinant 
of the five-dimensional Wilson-Dirac fermion, in the cases with the anti- 
periodic boundary condition and Dirichlet boundary condition in the fifth 
dimension. Here we follow the method given by Neuberger in |46], with a 
slight extension to include the fifth component of the five-dimensional gauge 



field. More generic method has been given by Liischer |58 



Let us consider the five-dimensional Wilson-Dirac operator 
W = {D„-mo + 1) 5ts - PLU^{t)-Ht+i,s - PR5t,s+Ms) 



(B.ll 



where t, s € [— T -|- 1, T] for Dirichlet boundary condition and t, s G [—T -\- 
1,3T] for anti-periodic boundary condition. We denote the size of the fifth 
dimension as N in both cases. {N is an even integer.) 

In the chiral basis of the gamma matrices, W is written explicitly in the 
matrix form as follows: 



W 



Bi 
-C 



t 



Ci 
Bi 











Bo 





C2 



C B2 










+x 



1 

5,7V- 










+Y 






-U5,N^1 

Bn Cn 



4 B 



N 



where X = 0, Y = for Dirichlet boundary condition and X = U^^n, 
Y = U^j^ for anti-periodic boundary condition. In order to make W almost 
lower tridiagonal, we first exchanges the right- and left-handed component 
columns for each t. Then we move the leftmost column to the place of the 
rightmost column. 



W 



Ci 
Bi 





Bi 






-f/5,1 
Co Bo 



B2 —C, 




+X 








+Y 






-C/5,7V-1 

Cn Bn 



B 



N 



-c 
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B2 



+Y Ci 
Bi 



B2 

-a 



5,2 
^3 



V 



B 



N U 



We then introduces the following abbreviations for the blocked matrix ele- 
ments. 



at 



Pt 



Bt 
Bt 



ax 



B 







Y Ci 
Bi 



(X = 0(Dir.), C/5,iv(AP)) 

(y = 0(Dir.), U;rh (AF)) 
(B.2) 



Using these, W assumes the following form, 



W 



( OLx 

P2 OL2 



Py \ 



In order to take account of the boundary element, Py, we assume the 
following factorization 



P2 "2 



V 



Py \ / "1 • 

P2 "2 



ax / 



\ 



\ 



ax / 



( 1 



-V2 
1-Vn j 



and consider the recursion equations for the elements Vt- 

-aiVi = Py, 
-P2V1 - a2V2 = 0, 
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-Pn-iVn-2 — o:n~iVn~i = 0, 
-(SnVn-i + ax{l - Vn) = ax- 



These equations can easily be solved to get 

TV 



Vn = a^^ax ■ H {-at^Pt} ■ Pi^Py- (B.3) 



t=i 

Then the determinant of W is evaluated as follows: 



det (D5W — iT^o)x Y ~ Y\. "^^^ '^^ ' det(l — VV) 

t=\ 

N 

= JJdetaj • det{a]^^ax — a^Y^axV/v). 



t=i 

Here we have omitted the sign factor given by ( — where q = 2NcL^ 
and Nc is the dimension of the gauge group representation, because it turns 
out to be unity. 

The products —a^^Pt-, cf^ax and P^^Py are evaluated as 



y ^ V 1 
-1 no 

a^ax = Q 
o-io _ ( -U^fiY 

f^i - y Q 1 

Collecting these results, we finally obtain 



det (Z^5w - mo)lDi,. = det [Pr + PlTn J] {^^sTi'^t} j 

X det (^R + n • n + ^^^*)' 
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det(Z)5w-mo)lAP = det ^l + J]{c/5;,irt}^ 

X det (^Pr + PlYI U5,}j ■ n det(PL + PRBt). 

C The partition functions in the Umit N ^ oo 

In this appendix, we evaluate the partition function of the five-dimensional 



Wilson-Dirac fermions in the limit N ^ oo and derive Eqs. ( 5.21 ) and 
(|]2|). Here we describe the case with the anti-periodic boundary in some 
detail. The case with the Dirichlet boundary condition can be evaluated in 
the same manner. 

As shown in the appendix the partition function of the five-dimensional 
Wilson-Dirac fermion with the anti-periodic boundary condition is given by 



det(Z?5w -mo)|Ap/ n ^* 



A 7^ 



det fi+{n^4^?""'{n 



(C.l) 



Divided by det(l + ^^"'^^), the r.h.s. can be rewritten as follows: 



det (^1 + |nT,} rr-^'lUn^ T^'"-^') /det (l + r^'«-^> 



(C.2) 



In the limit N oo, the dominant term in Tq^^ is evaluated as 



= 5]^°®t;°V(^-^)l^>l+0(e-2{^-^)n) (C.3) 
i 

where are eigenfunctions of Hq = — IuTq belonging to the negative eigen- 
values A^, while A*] is the smallest positive eigenvalue of Hq = — IuTq. Then 
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the factors involving Tq in Eq. (C.2) reduces to the projection operators 



j,2{N-A) ^ 

hm ° ^, = Pn, hm ^, = 1 - Pq. (C.4) 

where 

Therefore, the r.h.s. of Eq. ( |C.2| ) reduces to the fohowing expression: 

(C.2) = det(^i-Po+{nr,}r?^"^)|nr,}po) (c.6) 

= det (^vl {nr.} T,^^^"^'{n7^4-.°) • (C.7) 

In the last expression the determinant is taken about the indices i and j of 
basis {vi}- 

Moreover, the term t"^^^ is also evaluated as 

j,2{N-A) ^ p^r^2{N-A) _^ (1 _ p^)r^2{Af-A) 

= ^^i0 4e2(^-^)l^'l+O(e-2(^-^)^V) (C.8) 
i 

where are eigenfunctions of Hi = — In Ti belonging to the negative eigen- 
values Aj, while (AL) is the smallest positive (largest negative) eigenvalue 
of Hi = — InTi. Then, the dominant matrix element in Eq.( |C.7| ) is given 
by 



(C.9) 



Accordingly, the dominant contribution of the determinant in Eq.( |C.7| ) is 
evaluated as 



det (^{nr^rr-^^ln^^-f 
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det (^1 - Po + ^o{nr,|pi|nTi}^ det(l - Pi + PiTi)2(^"^) 
x(l + 0(e-2(^-^)("++l^-l)). (C.IO) 



From this result, we immediately obtain Eq. (|5.22D 



D The inverse five-dimensional Wilson-Dirac op- 
erator 

In this appendix, we discuss the relation between the inverse five-dimensional 
Wilson-Dirac operator defined with the Dirichlet boundary condition and 
that defined in the infinite extent of the fifth dimension, and show that the 
replacement of Eq. ( 2.15| ) is allowed in the limit N ^ oo. 



For this purpose, we first note that the Dirichlet boundary condition 
can be implemented by including the surface term in the infinite volume. 
Namely, if we consider the five-dimensional Dirac fermion defined in the 
infinite extent of fifth dimension, but with the couplings between the lattice 
sites {—N, —N + 1) and between the lattice sites (A'", + 05) omitted, then 
the field in the interval [—N + 1, A^] does not have any coupling to those 
outside the region and it is nothing but the field defined with the Dirichlet 
boundary condition imposed at t = —N and t = N + 1. 




Figure 5: Implementation of Dirichlet B.C. by surface interaction 



We denote the lattice Dirac operator for this fermion by D^^, which can 
be expressed with the surface interaction as follows: 

-C'sw - "T-O = ^5w - mo - V(„Ar+i;Ar), (D.l) 
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where 



— PLSs,NSt,N+l - PrSs,N+A,n} 

Then it fohows immediately that 

1 1 1 1 



^5w - ^0 D^v 



mo 



V, 



mo 



{~N+1,N) 7^ 



^5w - mo 



(D.2) 



(D.3) 



Since the inverse of D^^ — mo in the interval [— + 1, N] is nothing but the 
inverse five-dimensional Wilson-Dirac operator defined with the Dirichlet 
boundary condition: 

1 , . 1 



DL-mo 
we can infer that 



{xs,yt) 



1 



5w — "T-O 



D^w - mo 
1 



ixs;yt) s,t£[-N + 1,N], (D.4) 



Dir. 



1 



Dir. 



D 



5w — mo 



5w — mo 



1 



{~N+1,N) 



Dbw - mo 



Dir. 



(D.5) 

for s,t £ [—N + 1, A^]. Using the explicit form of the surface interaction, it 
can be rewritten further as 

1 



1 



^5w - mo 
1 



{xs,yt) 



Dir. 



-Dsw - mo 
1 



{xs;z,-N)Pl 



Drjw - mo 
1 



{xs,yt) 



(xs; z,N+ 1)Pr 



Dfjw - mo 
1 



iz,-N + l;yt) 



Dir. 



iz,N;yt) (D.6) 



Dir. 



^5w - mo -Dsw - mo 

where the summation over z is understood and s,t £ [—N + 1, A^]. 

Now we consider the case where s,t G [-A + 1, A]. (See Eq. (|2l|)) . 
From the exponential bound Eq. (3.10), the inverse five-dimensional Wilson- 
Dirac operators defined in the infinite extent of the fifth dimension in the 
r.h.s. of Eq. ( |D.6| ) vanish identically in the limit — > oo. On the other 
hand, the inverse five-dimensional Wilson-Dirac operators defined with the 
Dirichlet boundary condition in the r.h.s. of Eq. (D.6) can be expressed in 
terms of the transfer matrix using the same technique used in the appendix P 
[E2|. They are given by 



Pl 

Pr 



1 



Dbw - mo 
1 



{z,-N + l;yt)=+PLA{z,yt), 



Dir. 



D5. 



mo 



{z,N-yt) 



-PRAiz,yt), 



(D.7) 



(D.^ 



Dir. 
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where 



s=-A+l ) 

(D.9) 



For large N, A(z, y; t) can be estimated as 

1 

^^'^'^^ (i-p.)p.+Pi{f/ant-A+.T.f/-_,}Tr-^^p. 



I s=-A+l J 

cofactor of {(1 - Pi)Pr + A {c/^;! nf=-A+i TtU^,li} T^'^'^^Pl} 



det(l-Po + ^'oTo)(^"^) 
1 



det ((1 - + Pi {U.^X Ut-A+i TtU^,li} PoPl] 

xj^i^sTi n TtU^,t-i/^iH , (D.IO) 

I s=-A+l J 

and we can infer that it vanishes identically in the limit N ^ oo, as long as 
det(^{l-Pi)Pji + Pii^U^X n TtU^J-i'^PoPL^^O. (D.U) 
Thus the r.h.s. of Eq. ( p.6| ) vanishes in this limit. 
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